
JOURNAL OF APPROXIMATION THEORY 2, 270-274 (1969)

On Uniform Approximation by Cubic Splines

A. MEIR AND A. SHARMA

Department ofMathematics, The University ofAlberta,
Edmonton, Alberta, Canada

1
Let

o= Xo < Xl < ... < X n = 1, (k=±1,±2, ...) (1.1)

be a subdivision of (-00,00) with maxi(xi-Xi_l)=O. Let Crr denote the
class of I-periodic continuous functions on (-00,00) and let 8 rr be the family of
I-periodic cubic splines with joints (1.1) having two continuous derivatives.
In an earlier paper [6], we have shown that for every f E Cm the unique
a(f) E 8 rr which interpolatesf(x) at the points (1.1) satisfies the inequality

Ilf- a(f)!1 < (1 + K 2
) w(f; 0)

where the norm is the usual uniform norm, w(f; 0) is the modulus ofcontinuity
off and the mesh ratio Kis given by maxi(xi-xi_l)!minj(xj-Xj_l)' Later
Stig Nord showed [5] that there exists a sequence of Joints with unbounded
mesh ratios and a continuous functionf(x) such that the corresponding a(f)
do not converge to f although the maximum mesh length tends to zero. The
question then arises whether the boundedness of the K's is necessary for the
convergence of the interpolatory splines. This problem is also related to a
question raised by Cheney and Schurer [3] who seek to determine conditions
on the sequence of points which would assure the boundedness of the norms
of the sequence of interpolatory splines. In Theorem 1, we shall show that for
the uniform convergence of the interpolatory splines it is sufficient that the
ratios of consecutive mesh lengths remain between certain bounds.

Another result ofCheney and Schurer [3] states that for everyf E Cm we have

dist (J, 8 rr) == inf Ilf - s[1 < 18w(f; 0).
SESl1

(1.2)

We shall show in Theorem 2 that the number 18 on the right side of (1.2) can
be replaced by 5. This number can be further reduced if instead of 8 rr we
consider the class 8 of twice continuously differentiable cubic splines with
nodes (1.1) without periodic end conditions. In this case we have for every
fE e[O, 1]

dist (J, 8) < (2 + -i-a) w(f; 0).
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If moreover f E Cm then there exists s =: s(f) E S such that sand s' are 1~

periodic and

Ilf - s(f)11 < (2 + -is) w(f; 0). (1.4)

This result is the subject of Theorem 3 where we use a recent result of Hall [4J.

2

THEOREM 1. LetfE Cn and let (Ll) be a subdivision 01[0, 1] with hi = Xi - Xi_I
(i= 1, ... ,n). Suppose

where;; = f(Xi)'

max hi hi l = P < v2.
li-jl~l

Thenfor the interpolatory cubic spline a(x) =: a(f;x) we have

Ilf- ail < (1 + i' 2 --:P 2) w(f; 8).

Proof Let Xk-l < X < Xk for a certain k and let

Lix) = Ck(x - Xk-l) + fk-1 '(Xk - X)}h;;l

It was shown in [6] that

[a(x)-Lk(x)1 <ih/max{[a:_tl, [ak"l}

(2.1)

(2.2)

(2.3)

where a;" = a"(xi). If maxvh/lq/I = h/[a/I, and maxvh/la~_d= h/la;_d,
then on using (3.0) of [61, we easily have

2(h,/ + hqhq+t> la/I < h/la;_tI + hqhq+Jla;+d

+ 6(hq2+ hqhq+1) I[Xq_b Xq, Xq+1 ;lJI
<P2hq2Ia/1 +P2hqhq+tl aq"l

+ 6(h/ + hqhq+J) I[Xq_l' xq, xq+! ;f]I. (2.4)

Observing that I[Xq_bXq,Xq+1 ;lJI < w(f; 8)/hqhq+b we have from (2.4) after
simplification

and so, afortiod, for aU k,

hk21ak"I<2:~2w(f;8).

Similarly we obtain for all k the inequality

hk2Ia~_tI < 2 :PP2w(f; 8).

18



272 MEIR AND SHARMA

Hence from (2.3) we have for Xk-l < x < Xk,

la(x) -f(x)! < la(x) -Lk(x)1 + ILk(x) - f(x) I
P

< i'
2

_p2w(f;8) + w(f; 8)

which proves (2.2).

Remark 1. This theorem throws light on the test case 3 treated by Cheney
and Schurer in [3], p. 95.

3

We now formulate the following

LEMMA. For any subdivision (1.1) with maxi (Xi - Xi-I) = 8 < t there exist
points 0 < go < gl < ... < gm-l < gm = 1 + go, gm+k = 1 + gk (k = ±1,±2, ...)
such that

(i) the g/sform a subset of the x/s,
(ii) 8 < maxAgj - gj-l) < 28.

Proof Let v be the smallest positive integer for which Xv - Xv-l = 8 and
define go = Xv' Assume that go < gl < ... < gj-l have been defined and that
gj-l < 1 + go - 28. Then we define

gj = min {xklgj-l + 8 < Xk < gj-l + 28}. (3.1)

If m - 1 is the first suffix for which gm-l > 1 + go - 28 then we define gm =

1 + go. Observe that because of (3.1), gm-l < Xv+n-I = 1 + go - 8 and so
8 < gm - gm-l < 28. Setting gm+k = 1 + gk for k = ±1,±2, ... the lemma
follows.

As a consequence we shall prove

THEOREM 2. For any given subdivision (1.1) of (-co, +00) there exists a linear
operator L: Crr --i>- Srr such that for f E Cm

IIL(f) - fll < 5w(f; 8). (3.2)

Proof ForfE Cm we defineL(f;x) to be the unique interpolatory I-periodic
cubic spline interpolating f at the joints {gj}~ro' Then obviously L(f;x) is a
spline on the original given joints (1.1). By a theorem of Nord [5] (Theorem 6,
p. 141),

If(x)-L(f;x)1 «1 +iK')w(8') (3.3)
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where K' and 0' are the mesh ratio and maximum mesh length for the points
{t j }. But from (ii) of the above lemma K' ,,;;; 2 and 0' ,,;;; 20 so that (3.2) follows
from (3.3).

4

Let

O=xo<xl<···<xn =l (4.1)

be a subdivision of [0,1] and denote by SZm-1 the set of splines of order 2m - 1
on [0,1] with interior joints XI,XZ,,,,,Xn_I' Recently Birkhoff [1] and subse
quently de Boor [2] have obtained estimates for the distance of a continuous
functionf from the set of splines of order 2m - 1 with joints (4.1). They show
that if fE C Zm, then dist(f,Szm_l) = O(oZm) where 0 is the maximum mesh
length. The more precise estimate (1.3) when fE qo, 1] and S = 8 3 is a
consequence of

THEOREM 3. For any given subdivision (4.1) of [0,1] there exists a linear
operator A: C -7- 83 such that for all fEe [0,1],

IIA(f) - fl! ,,;;; (2 +4~) w(f; 0).

Iff is I-periodic, then A(f; x) and its derivative are periodic.

(4.2)

For the proof we shall use the following result of Hall [4]:
Let g E C 4[O, 1] and let s(g;x) E C 2 [0, 1] be the cubic spline interpolating g

at the joints (4.1) and satisfying the end conditions s'(O) = g'(O), s'(1) = g'(l).
Then lis - gil,,;;; 3lsllg(lV)1! 04

•

We shall also need the following

LEMMA. Let g E C(-oo, 00) and let go(x) = g(x),

k= 1,2, ... ;0>0. (4.3)

!Igk - g!! ,,;;; w ( g; ~O) .
The proof follows by easy induction.

(4.4)

(4.5)
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ProofofTheorem 3. GivenfE C[O, 1], set

g(x) =f(x),

= f(O),

= f(l),

O<x< 1,

x<O,

x? 1,

and define for 0< x < 1, A(f;x) = S(g4;X) where gix) is given by (4.3) and
sex) == S(g4;X) is the cubic spline interpolating g4(X) as in Hall's theorem.
Obviously, A is a linear operator on C[O, 1] and we have

!IA(f) - fll = Ils(g4) - fll
< Ils(g4) - g411 + IIg4 - gil.

Since g ==ffor °< x < 1, it follows from (4.4), (4.5) and Hall's theorem that

IIA(f) - fll < "34S04 w(f; 8) + w(f;28)

which yields (4.2).
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ADDED IN PROOF: From a personal communication of Cheney and
Schurer we learn that they have been able to improve our Theorem 1 on
using their earlier results in [3] and ous Theorem 2 above. In our notation
their result reads: If P < 2, then for every f € Crr we have

(i) Ila(f) 11< 22 p ll f il and (ii) Ilf-all<2~pw(f;8).


